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Abstract

The geometrical description of the Nonlinear Schrodinger-Toda system hierarchy in the Sato
Grassmannian with the action of the translation group is applied to the Hermitian one-matrix
model. A family of derivative Nonlinear Schrédinger system hierarchies with its lattices—
associated with the Volterra chain—which are auto-Béacklund transformations, is analyzed from
a geometrical point of view. The Sato periodic flag manifold with the line bundles over it turns
out to be the proper infinite-dimensional manifold in this case. The lattice appears as a square
root of the action of the translation group; this can be understood as a reduction of the action of
a translation group of a larger loop group. The reduction #2,4; = O of the Hermitian one-matrix
model, essential in the double scaling limit, is shown to be described in terms of the derivative
Nonlinear Schrdinger-Volterra system hierarchy. The role of the heat hierarchy, self-similarity
and auto-Bécklund transformations is pointed out. A characterization in Sato’s Grassmannian and
periodic flag manifold of the Hermitian one-matrix model is given. In the latter case we are
concerned with the t2,41 = 0 reduction.
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1. Introduction

Since the seminal papers [4], in which the role played by the Korteweg-de Vries
equation in two-dimensional quantum gravity through a double scaling limit of the
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Hermitian one-matrix model was pointed out, there have been a remarkable number
of papers analyzing different aspects of the theory. We must also recall the important
contributions of Witten [29] and Kontsevich [16] regarding the description of the
moduli space for the intersection theory of complex curves with the use of the Korteweg-
de Vries hierarchy.

In particular, the geometry associated with these systems has been studied in a num-
ber of papers [15,20,11] for different matrix models. The Sato Grassmannian is the
infinite-dimensional manifold normally used; however, the Sato periodic flag manifold
is necessary as well [20].

Integrability aspects of matrix models appear already before the double scaling limit
is taken, see [9] and references therein. For the Hermitian one-matrix model, the semi-
infinite Toda chain hierarchy and a string equation model the partition function. For the
double scaling limit of the Hermitian one-matrix model one requires the odd sources to
vanish; in that case the Volterra hierarchy appears.

Recently [3] the Non-linear Schrodinger hierarchy has appeared in connection with
the Hermitian one-matrix model before the double scaling limit is taken. This was
achieved within the pseudo-differential formalism for the Kandomtsev-Petviashvilii hi-
erarchy. Moreover, this technique has been extended to study multi-matrix models. The
string equation is a Galilean self-similar condition [12]. However, the Toda chain mod-
els auto-Bicklund transformations of the Non-linear Schrodinger hierarchy, as has been
well known for years already [27]. Therefore, the connection of this integrable hierar-
chy with the Hermitian one-matrix model is obvious once the role of the Toda chain is
discovered.

On the other hand the study of lattices and auto-Bécklund transformations of integrable
hierarchies is currently a subject of interest [24].

Observe that the Non-linear Schrodinger system hierarchy can be described as flows
in the Sato Grassmannian Gr'®, and the Toda chain reflects the action of the translation
group of the loop group LSL(2,C)—an Abelian subgroup of the affine Weyl group—
[2,26,10]. Thus, it is natural to apply such a description to the Hermitian one-matrix
model.

This paper is mainly dedicated to the study of the geometry of the Hermitian one-
matrix model. However, we are interested in lattices for derivative Non-linear Schro-
dinger system type hierarchies and its geometrical description. Firstly we analyze the
non-reduced Hermitian one-matrix model and then the reduced case.

The second section is an introduction of well known facts regarding the Hermitian one-
matrix model and its relation with the Toda hierarchy. We introduce also the Non-linear
Schrodinger hierarchy and its auto-Bicklund transformations given by the Toda chain.
The next section, Section 3, is dedicated to the local symmetries of the Non-linear
Schrodinger-Toda hierarchy, translations and scaling and Galilean transformations. A
generalized string equation is presented and we prove Proposition 7, appearing in [12]
without proof, where the Galilean self-similarity is shown to imply weighted scaling self-
similarity; in [12] a detailed study of the geometrical aspects of self-similarity is given.
Proposition 8 gives a integrable system characterization of the N-dimensional Hermitian
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one-matrix model in terms of the heat hierarchy and auto-Bécklund transformations.
We end the section by stating how the general string equation evolves with the auto-
Bicklund transformations given by the Toda chain. The Grassmannian description, via
the Birkhoff factorization in the loop group LSL(2,C), of the Non-linear Schrodin-
ger-Toda hierarchy is introduced in Section 4 and there one can find explicitly with
which points the N-dimensional Hermitian one-matrix model is associated in the Sato
Grassmannian.

The next section deals with a one-parameter family of derivative Non-linear Schrodin-
ger type hierarchies, its lattices and the 7,1 = 0 reduction of the Hermitian one-matrix
model necessary in order to perform the double scaling limit. Section 5 is devoted
to the introduction of these integrable hierarchies and of the associated lattices. The
lattices will be constructed in Section 6 by geometrical means and are shown to give
local and non-local auto-Bicklund transformations of the integrable hierarchy. In this
section these integrable systems are described with the use of the periodic flag manifold
and line bundles over it, via the principal subgroup L(SL(2,C),C) of LSL(2,C)
and a factorization problem given by a classical r-matrix which is not a difference of
projectors. Then we construct a square root of the action translation group of LSL(2,C)
that reduces to the principal subgroup and gives the lattices mentioned. The points in
the Sato periodic flag manifold corresponding to the f3,.; = O reduction of the N-
dimensional Hermitian one-matrix model are given at the end of this section. Finally,
in Section 7 a Miura type map between the Non-linear Schrodinger equation and its
derivative deformation is introduced. The geometrical description in terms of fibrations
is given and we find a square root of the Toda chain. We end by showing that the square
root can be obtained as a reduction of the action of the translation groups of larger loop
groups, for example LSL(3,C), giving generalized Non-linear Schrédinger hierarchies.

2. The Hermitian one-matrix model and the NLS-Toda chain hierarchy

This section is a schematic introduction of the Hermitian one-matrix model (HMM)
and its relation with the Non-linear Schrédinger~Toda chain hierarchy. Firstly, we remind
the reader of the standard construction that connects the HMM with the Toda chain

hierarchy. Then, the Non-linear Schrodinger (NLS) hierarchy and its auto-Bécklund
transformations are introduced.

2.1. The HMM and the Toda chain
The HMM [9] has as partition function
Zn(t) :==cn / dMexp(Tr V(¢, M)),

where ¢t := {tn}a>0, t: < 0, are the sources or couplings of the model, M is a N by N
Hermitian matrix, i.e. M = MT, ¢y is a normalization constant and
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V(EA) =) Nty

n>0
Consider the scalar product

(f.8) 1=/dAeXP(V(A))f(A)g(A),

R
and the polynomials {P,},>0 of the form
Pa(A) = A"+ 0",
that fulfill the relations

(Pn’ Pm) = Onm eXP(¢n)-
Then, the partition function can be expressed as follows:

N-1

Zn(e) =exp [ D ¢a(0)

n=0

The dynamics of ¢, in ¢ gives the action of the renormalization group in the partition
function. To analyze the dependence of the ¢, in the couplings ¢ one introduces the
semi-infinite matrices @, P defined as

exp(Pn) Qum = (Pn, APm), exp(Pn) Pom = (Pn, (d/dA) Pm).

The explicit form of Q follows from the recurrence relation for the orthogonal polyno-
mials:

AP, (A) = Pn+l(A) + SpPa(A) + RpPp_1(A),

with Ry = 0 and

Rpy1 = eXP(¢n+1 - ¢n)v Sp = a¢m

where @ = 3/dt;. It turns out that Q is a tridiagonal Jacobi matrix of the form

Q= Z(En,n+l + SnEn,n + Rn+lEn+1,n) ’
n>0

where E, ,, is the matrix with its non-zero entry, which is 1, located at the site given
by the intersection of the nth row with the mth column. Any semi-infinite matrix M
splits into its strictly upper triangular part M, and its lower triangular part M_, i.e.
M =M, + M_. It easily shown that

dv
P--(5@),



M. Marias/Journal of Geometry and Physics 17 (1995) 1-24 5

If d = 3,500xdts, where 9, = 3/dt,, is the exterior derivative associated to the
couplings ¢ and we construct the 1-form

w = Zdt,,Q",

n>0

then Q satisfies
dQ = [w4, Q],

and the constraint, the so called string equation
[P.Q) =1

The flow equations are those of the semi-infinite Toda chain hierarchy, in particular

IRn = Ry(Sp — Sp-1) 98, = Rpiy — Ry,

or

9*bn =exp(Pns1 — bn) — eXp($n — bp-1),

the well-known semi-infinite Toda chain equation.

2.2. The NLS system hierarchy and the Toda chain

Recently, Bonora and Xiong [3] pointed out the role of the Non-Linear Schrodinger
(NLS) system hierarchy. Their analysis is based on KP type pseudo-differential opera-
tors. In Integrable Systems theory the connection between the NLS system hierarchy and
the semi-infinite Toda chain has been known for years already [13,2]. In fact the Toda
chain appears in the NLS system modeling auto-Bécklund transformations. In a series of
papers [24] one can find a systematic study, based on symmetries, of lattice-differential
integrable systems.

The functions defined by

p'™ :=Ryexp(d7'S,_1) =exp(en) ,
g™ = —exp(—3718,_1) = —exp(—n_1)

for each n satisfy the NLS system hierarchy that we are about to introduce.

Definition 1. The NLS system hierarchy for p, g is the following collection of compat-
ible equations:

Onp = Pns1s g = —Gn+1,

where n > 0 and p,, g, and h, are defined recursively by the relations
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Dn = 0pn_1 +phn—-1,
Gn = —0Gn-1 + qhn—1,
h, =2(pgn —qpn), n =1

with the initial data
po=40=0, ho = 1.

For n =2 the equations are those of the NLS system
ép = 3*p — 2p*yq, bqg = —3*q+2pq’.

The Toda chain hierarchy is complemented by the Toda chain equation, which in the
new variables reads

gD = 1 /p™ | prE) = p0) (_pm g 4 g2 1 p (W)

For a solution of the NLS at the site n these equations give a new solution at the site
n + 1, an auto-Bicklund transformation.

Observe that ¢9InZy = 2,7:_01 S, so that, using the Toda chain equations, one has for
the specific heat of the HMM [3]

N-—1
9*InZy = (Ruy1 — Ry) = Ry = —p™M g™,
n=0

3. The string equation and self-similarity

As we have seen the renormalization flows in the HMM are the integrable flows of the
semi-infinite Toda chain hierarchy, which happens to be equivalent to the coupling of the
NLS system hierarchy with the semi-infinite Toda chain equation, the latter modeling
the auto-Bicklund transformations of the former. However, there is a constraint, the
string equation, that must be satisfied. As was shown in [3] the string equation can be
formulated in each site n in the lattice in terms of the functions R, S, and therefore in
terms of p'™, ¢‘™. Later it was proven that this constraint is the Galilean self-similarity
condition for the solutions p‘™, ¢'™ of the NLS system hierarchy [12]. For the relation
with the Heisenberg ferromagnetic model see [18].

Now, we introduce the translations and the Galilean and scaling transformations, local
symmetries of the NLS system hierarchy and compatible with the discrete symmetry
given by the Toda chain.

Definition 2. Let 3,

3(t) =t +0,
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be the action of translations, where

0= {0,,},,20 € C*=.
Then, the following proposition follows:
Proposition 3. If (p, q) is a solution to the NLS system hierarchy then so is (&*p, 9*q).

However, there are also two local non-isospectral symmetries. One is the scaling sym-
metry, and the other is the Galilean symmetry. Now, we define them.

Definition 4. The Galilean transformation ¢ — y,(¢) is given by

n+m
YU(t)n = Z ( m ) amtn-i»m ’

m>0
where a € C.
The scaling transformation ¢ — s,(¢) is represented by the relations
s(8)n ="ty

where b ¢ C.
One can show that

Proposition 5. If (p, q) is a solution of the NLS system hierarchy then so are (y.p,v:q)
and (ebq,‘;p, ebq,’;q).

The related fundamental vector fields, infinitesimal generators of the action of trans-
lation, Galilean and scaling transformations are given by

Gy m20,  y=) (n+Dtuds, =) ntady,
n>0 n>1
respectively. They generate the linear space C{4,, s, ¥ }n>0, which is the Lie algebra of
local symmetries of the NLS system hierarchy; the non-trivial Lie brackets are

[On,s] =ndp, [0nt1,¥]1=(n+1)dn, [s,7]=2y.
Consider the following vector field belonging to this Lie algebra,
XI=1’+H‘)’+b9, l?=2:0n‘9n’
n>0

defining a superposition of translations, Galilean and scaling transformations.

If (p, q) is a solution of the NLS system hierarchy then there is a 1-parameter family
of solutions (p;, g;) generated by the vector field X. A self-similar solution under any of
the mentioned symmetries is a solution which remains invariant under the corresponding
transformation.



8 M. Marias/Journal of Geometry and Physics 17 (1995) 1-24

Then we have,

Proposition 6. A solution (p, q) of the NLS system hierarchy is self-similar under the
action of the vector field X if and only if it satisfies the generalized string equations

Xp +bp =0, Xq+ bg=0, (3.1)

The Galilean self-similarity condition is the string equation for the HMM.

Notice that when X =¥ + 3" -0, one can perform the coordinate transformation
Ligl P tag1 + 6,/ (n+ 1), Thus, the coefficient 8, is equivalent to a shift in the time
coordinate #,.;.

Now, if X = ¢ + 3 ,500:0s,, we can define the transformation t,,; — tnp1 +
Ony1/(b(n+1)) and obtain in the new coordinates a vector field corresponding to scaling
and a term of the type 8pdp. This last term can be understood as follows. Given a solution
(p.q) to the NLS system hierarchy then (exp(b(1+ 268p))s;p, (exp(b(1 —260))s}q)
is a solution as well. So solutions self-similar under the vector field X correspond, in
adequate coordinates, to self-similarity under this particular scaling, which we shall call
(1+26p,1 —26y) weighted scaling.

Now we shall prove that Galilean self-similarity implies scaling self-similarity. We
have

Proposition 7. If (p,q) is a solution to the NLS system hierarchy self-similar under
the action of the vector field

Y+ Oudn,

n>0
then it is also self-similar under the action of the vector field
s+ Z 0n0nt1 — Z Onhnia |t=0 do.
n>0 n>1

This proposition simply says that the L_;-Virasoro constraint implies the Lg-Virasoro
constraint.

Proof. We have

Y+ 0u0n | p=|v+D 0sdn|q=0.
n>0 n>0

Therefore, we obtain the relations

Y+ Zgnan DPn+1 = —npPp, Y+ Zgnan qn+1 = —Nhqp,
n>0 n>0
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where, for example, we have used the fact that 2p,,; = d,p, p is killed by v+ Zn>0 0,9,
and the commutation relation of this vector field and 3,. One can equally deduce

Y+ Y 0n0n | hnpr = —nhy.
n>0
Because
1D = (%an +2hp11)p, In+19 = —( %an +2hnt1)q

it follows that

1
9+Zonan+l P=§ 7+Zenan p+2 Z(ntn+0n-l)hn P

n>0 n>0 n>1
1
§'+Zenan+l Cl=‘§ 7+Zenan q-—2 Z(ntn+0n—l)hn q.
n>0 n>0 n>1

Observe that
On D (Mtn+On_)hm = nho+ [ ¥+ Ondm | asi.
m>1 m>0

Hence, when (p, q) is self-similar under y + Emzo 6,,0m we have

Z(ntn +60n_1)hy = Z 0,,’1,,+1|’:0 .

n>1 n>0

This implies

§'+Zonan+l P—2 Zenhrwl‘,;o P=0,

n>0 n>0

s+ Zenan+l q+2 Z 0nhn+1|;=() q=0,
n>0 n>0

and the proposition follows. O

Observe that the NLS system hierarchy contains as reduction the heat hierarchy. In
fact when g = 0 then p satisfies the heat hierarchy,

dnp =93"p.

The general solution to it will be

p(t) = /d/\ P(A)exp(V(£, 1)), (3.2)
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however, if we want this solution to be Galilean self-similar we need ¥p = 0, thus—
integrating by parts— fdA dP(A)/dA exp(V(t,A)) =0, so that P is constant almost
everywhere. The starting point p(1 = exp(¢;), ¢/ = —exp (—¢yp), is the result of
applying the Bicklund transformation to p® = exp(¢y), ¢'® = 0, which is a heat
hierarchy reduction with p(® (¢) = [dAexp(V (¢, A)).

Proposition 8. The N-dimensional HMM is obtained after N consecutive auto-Bdcklund
transformations of the solution of the NLS system hierarchy which is a Galilean self-
similar solution of the heat hierarchy.

Obviously, the auto-Bicklund transformations of the NLS system hierarchy given by
the Toda chain commute with the translational symmetries. Moreover, they commute also
with the non-isospectral Galilean and scaling transformations. The following proposition
will be proven in the next section by geometrical means.

Proposition 9. Given a solution, say p'™,q'"™, of the NLS system hierarchy, self-
similar under the action of X = & + ay + bs, then its Bicklund transform, given
by the Toda chain equations, say p"*V, q"*D, is self-similar under the action of the
vector field X"tD = X" 4 pg,.

Observe that this result implies that the weights in the weighted scaling case are
shifted by a Toda chain Bécklund transformation.

4. The Grassmannian and the NLS-Toda hierarchy

The NLS-Toda system hierarchy, as was shown in [2], has a geometrical interpreta-
tion in an infinite-dimensional Grassmannian [21]. This can be realized once a Birkhoff
factorization problem is considered.

We define the vacuum wave function, an infinite set of commuting flows in the loop
group [21] LSL(2,C) of smooth maps from the circle §' := {A € C: |A| = 1} to the
simple Lie group SL(2,C) of 2 x 2 unity determinant matrices as follows:

Y(t,A) :==exp(V(L,A) H/2) -g(A), (4.1)

where g is the initial condition and we are using the standard Weyl basis {E, H, F} of
the Lie algebra s{(2,C).

The loop algebra Lsl(2,C) when extended to the affine Lie algebra of type Af”
has an associated affine Weyl group generated by the reflections rp, r; defined by the
simple roots ag,a; [14]. The translation group generated by T = rrg is an Abelian
subgroup of it. Observe that if § = @y + a; is the imaginary root then the Agl)—root
system is 4 = {nd,né + a;},cz, and the action of T is given by T(nd) = né and
T(nd £ @) = (n F2)6 £ a). At the level of the loop algebra the adjoint action of
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A 0
T =
(0 A ) ’
is an action of the translation group. This element commutes with H.

Definition 10. The shifted vacuum wave functions are defined by
Y =Ty

Observe that
Y (8, 4) = exp(V(4, ) H/2) - g (),

where g(" :=T~" . g Denote by L*SL(2,C) those loops which have a holomorphic
extension to the interior of $' [21] and by L; SL(2,C) those which extend analytically
to the exterior of the circle and are normalized by the identity at oo.

The Birkhoff factorization problem for a given " (¢) consists in finding the repre-
sentation

A (c/f(."’)_l AR (4.2)

where ¢ () € L7SL(2,C) and ¢\ (¢) € L*SL(2,C), and is connected with the
NLS system hierarchy. The element ™ can be parametrized by functions p(™, ‘" in
such a way that ¢{™ is a solution to the factorization problem if and only if p(™, (™ is
a solution to the NLS system hierarchy [2,10]. To this end, one considers the equation
that follows from Eq. (4.2),

-1
. (w(_"”) = _P_Ady™ A H/2,

and factorizes ™ as follows:

(//(_") — é‘(ﬂ) . ¢(n) ,
where
Ing™=3%"a"z", ¢ =exp | D ATRH |
m>1 m>1

now Z{"(¢t) € Imad H and 4;&{" can be expressed as polynomials in p(",4'" and
its d-derivatives.
From Eq. (4.2) it also follows that

-1
X7 = dp” - (W) = PeAdy (VH)) (4.3)
Here id = P, + P_ is the resolution of the identity related to the splitting

Lsl(2,C) = L*sl(2,C) & LT s1(2,0).
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Then, y™ is the zero-curvature 1-form for the NLS system hierarchy, therefore the
integrable hierarchy is equivalent to the condition

[d—x™,d= y™] =0. (4.4)
One also has

T =y (y0) 7 =g () (4.5)

and the lattice equations—Toda chain hierarchy—are
X =dTM (Tj")) T AAT . (4.6)

The parametrization of ™ in terms of p™, g™ gives

"= Z LM dt,, (4.7)
m>0
where
m .
L) =Y Mo, oW =pPE+hPH+ g F,
Jj=0

and

T(,,) _ (/\ — 6lnp(") p(") >
+ __(p(n))—l 0 .

The equation corresponding to ¢, is the semi-infinite Toda chain. The system of equations
(4.4) and (4.6) is the NLS-Toda system hierarchy.

Observe that a solution to the NLS system hierarchy is fixed by the coset g -
L*SL(2,C). However, the homogeneous space LSL(2,C)/L*SL(2,C) is isomorphic
to the Grassmannian Gr(?) [21]. Sato’s Grassmannian [22] is the set of subspaces, say
W,of H= (C2[[/\‘1, A], the Laurent expansions, commensurable with H, = C2[A], the
Taylor expansions, and such that AW C W. In the Segal-Wilson version H is replaced
by the Hilbert space L2(S',C?).

The Baker function w(¢) € LSL(2,C) corresponds to [28,6]

w=y_-exp(tH) =y, - g~

If we introduce the notation

_[e1 &
& ( 2 @ ) ’
then we have the associated subspace

W=C{A" (&2, —¢1), A" (92, ~@1) },500
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with AW C W, in the Grassmannian Gr'?, {21,23]. The Baker function is the unique
function with its rows taking its values in W such that P, (w-exp(—tH)) = 1. Obviously
we have

alw = L|W
and also
opw = L,w.

The rows of the adjoint Baker function w* = (w™!)" are maps into the subspace
W =C {1, "d} € Gr?,

where
P:=(¢1, ¢2), D:=(d1, &)-

We shall adopt this subspace as a representative of the coset g - LYSL(2,C).
The discrete map between initial conditions g +— g("*1) models the auto-Bicklund
transformations for the NLS system. For the Baker function on has

w® o wntD o ’Z:L(")w(")T.

It was shown in [12] that those initial conditions g giving self-similar solutions under
the action of the vector field X are characterized by

6g-8~' + AdgK=(8+ f)H, (4.8)
where
8:=(a+bA)d/daA,

for some K € L*sl(2,C) and some f € L[ C, where §(A) := E"ZO 6,A". From this
condition Proposition 9 follows.

Proof of Proposition 9. Given a solution g™ with f(" € L C then g"+V =T-1.g(m,
Observing that 8T~! - T = (b + aA~')H and AdT~'H = H one concludes that g("*!
satisfies (4.8) with f("+D = f(M 4 gA=! € L7 C and "D = ™ + b, O

The self-similar solutions under the action of the vector field X of the heat hierarchy
are as stated in the following

Proposition 11. The function

p(t) = /au exp(V(t, 1) +6(A)) ,
R
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where
A

i 6
G(A) = /d,ua i‘;)“

is a solution of the heat hierarchy invariant under the action of the vector field X.

Proof. The generalized string equation (3.1) when applied to ¢ = 0 and p given by Eq.
(3.2) implies

f(A)

a+ bA

almost everywhere, from which the proposition follows. d

dP
a—/\—(/\) = P(A)

Notice that when a = b = 0 the definition of @ fails, only constants are translational
self-similar solutions of the heat hierarchy. The heat hierarchy reduction is equivalent to
the following nilpotency property of the initial condition:

g(/\)=((1) f(lA)).

From the results of [12] one can deduce that the self-similar solution p of the heat
hierarchy is connected with the unique solution P of the following ODE:

d n—1 .
(a+ bA)ﬁu) —20(2) fF)+) 6. /\’"/d/m"“’""l exp(8(p)) =0,

n>0 m=0 R
(4.9)

with asymptotic expansion
fQ) ~0(7hH, A= oo (4.10)

Therefore, for the N-dimensional HMM, the associated solution to the NLS~Toda
system hierarchy is given by the initial condition

(A AVF
g(A) = ( 0 AN ) .

Theorem 12. The points, say W™, in the Sato Grassmannian Gr'® corresponding to
the solutions of the NLS-Toda hierarchy given by the N-dimensional HMM are

W(N) - C{(/\’H-N,O), (/\’H—Nf(/\), An—N)}neN,
where f is the solution of Eq. (4.9) with b =0 and asymptotic expansion (4.10).
Observe that they never belong to the Segal-Wilson Grassmannian. If the requirement
b = 0 is removed the above theorem gives the points in the Sato Grassmannian corre-

sponding to general self-similar solutions of the NLS system hierarchy obtained after N
consecutive Bicklund transformations—Toda chain—of the heat hierarchy reduction.
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5. Derivative NLS type hierarchies, the Volterra chain and Bicklund
transformations

For the double scaling limit of the HMM one needs to disconsider the odd flows,
that is fy,41 = 0. It is well known that the semi-infinite Toda chain is replaced by the
semi-infinite Volterra chain [9]. As we shall show, this is connected with the derivative
NLS system type hierarchies.

However, let us first introduce a slight generalization of the lattice-differential inte-
grable hierarchy appearing in this reduction.

Definition 13. For each ¢ € C the generalized derivative NLS system hierarchy, denoted
by dNLS(c¢), for the couple of functions u, v depending on ¢ = {£2,},>0 is the following
set of compatible equations:

dantt = ugni1 + (¢ — 1) ypu, d2n0 = —U2p11 — (¢ — 1) o, (5.1)
where 13,11, 02,+1 and £3, are defined recursively by the relations

Usns1 = Oaldgn—t + 2uban + (¢ + 1)uvuz,y,

Vant1 = —02zp—1 + 20€2n + (¢ + 1)uvvy, -y,

02b2n = (€ + 1) uvdrlan—2 — (Uds02n—1 + vé2U2n 1) ,

with the initial data §y = 1, uy; =u, vy =v, €, = —uv.

For n =2 the equations are
dal =622u +2(c — Duvdau + 2cu®dv — c(c + D uv?,
o4 = —(9221) +2(c - Duvdw + 2cv%du + clc+ Du®o?,

a complex version of a system considered in [7], which for ¢ = 0 is the system analyzed
in [5] and when ¢ = —1 is the dNLS equation studied in [17].
If 65 ! is a primitive of 8, one constructs the following Miura type transformation:

Proposition 14. The pair of functions given by

u(c') =u(c) exp (—(c —c’)&{l(u(c)u(c))) , (5.2)
v(c’) =v(c) exp ((c — oy (u(c)v(c))) , (5.3)

is a solution to the dANLS(c') if u(c),v(c) are solutions of the dNLS(c).

One has
R(c) = —u(c)v(c) = R(c) = R.

In the next section we shall prove, by geometrical means, the following

Proposition 15. Given {u'™, 0"} ¢z satisfying the lattice equations
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Au'™ = —u™M (DD oy (M () (54)

3pp (D) = (D) (A1) (r4 1) () () (55)
with

uMyth = _exp ((c — 1)3; (uint Dyt _ uMy™y), (5.6)

then, if for some particular n the functions u™ ,v"™ are solutions of the dNLS(c) system
hierarchy, for any integer m the couple u'™ ,v™ is a solution as well.

Observe that the equation satisfied by R, = —u(™v™ is the Volterra chain
MR, = Rn(Rn+1 —R,1). (5.7

This lattice gives non-local auto-Béicklund transformations for the dNLS(c) system
hierarchy as follows.

Proposition 16. The transformation
D = (u(”))cexp (- 137 (u™o™)) (d2Inu™ + cu™p™), (5.8)
pth — _ (u("))_c exp (—(c2 - 1)32_1(14(")0(”))) , (5.9)

maps a solution (u™,v™) to a new solution (u"tD, vV of the ANLS(c) system
hierarchy.

Proof Eq. (5.4) gives u"tDp+D in terms of 4™ and v™; introducing this in Eq.
(5.6) one concludes

(u("))c v = —exp ((1— c)ay (w™v™)).
Using this and Eq. (5.4) one has the desired proof. g
Observe that in the above proof we have used the symmetry u — hu, v — h~ v, for
some constant /4, of the dNLS(c) system hierarchy.
Only in the cases ¢ = =1 do Eqgs. (5.8) and (5.9) give local auto-Bicklund transfor-

mations. In general, it is possible to construct a local auto-Bécklund transformation if
one considers in a separate way even and odd sites in the lattice.

Proposition 17. The transformation defined by
u(nt2) = (M (52 Inu™ + cu(")v("))c
x (32(In(d2 Inu™ + cu™pMy) — u(”)v(")) , (5.10)

ot = (u("))_l (%2 Inu™ + cu(")v("))_c , (5.11)
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gives solutions u"*? "D from solutions u™,v™ to the dNLS(c) system hierarchy.

Proof. Using Egs. (5.4) and (5.9) one can verify that the following identity holds:

uMpn+d) — _ (_u(n+1)v(n+l))_c.

This implies Eq. (5.11). The Volterra chain (5.7) gives
w2, (nt2) _ —d,(In(3, Inu™ + cu(")u("))) —utmpm

which together with the just deduced Eq. (5.11) ensures the truth of Eq. (5.10). O

In general we have two separate families {#>”,v?M} and {u(2"+D p(2r+DY satisfy-
ing the same lattice.

As examples we consider three particular values of ¢, namely ¢ = 1, —~1,0. Recall
that when ¢ = &1 then Egs. (5.8) and (5.9) are local. Thus, we consider the induced
transformation. When ¢ = 1 one has

1

ut™ = g, 4 —_—,
U(") (u("))

VD =

For ¢ = —1 we have

32u(")

()’
the lattice considered in [27,24,1], giving auto-Bécklund transformations for the dNLS
system hierarchy.

When ¢ = 0 Eqgs. (5.8) and (5.9) are non-local, hence we study Egs. (5.10) and
(5.11),

(nt1) _ p(m P o

’

um,

2
urtD =022u(")/32u(") _ 02u(") —pm (u(n)) ,

D) = [

a Bicklund transformation, that with the notation '™ = exp(¢,) reads as a modification
of the Toda chain

322¢n = (CXP(¢n+2 - ¢n) - eXP(¢n - ¢n—2)) a2¢n~ (5.12)

We see that there are two families {u®", 0™}, cz and {u(2"+D,p(2r+D}, 5 of solutions
of (5.12) connected through

du'™ = —um y(nt 1)y (nt 1)
6. The periodic flag manifold and the dNLS(c) system hierarchy

The dNLS(c¢) system hierarchy can be understood through a factorization problem
associated to a particular solution of the modified classical Yang-Baxter equation [10].
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In this section we are going to generalize that construction in order to obtain the
Bicklund transformations of the previous section. The Sato periodic flag manifold F1(?)
[21] and certain line bundles over it replace the Sato Grassmannian.

The Coxeter automorphism [ 14] generated by the adjoint action of C = exp(imH/2)
defines the Lie subalgebra

L(sl(2,C),C) ={X € Lsl(2,C) : X(—A) =AdC X(A)}.

This is the set of loops of the form AB(AYYE + a(A®)H + A~ 'c(A®)F. This subalgebra
is isomorphic to Lsl(2,C); in fact is the principal realization of the affine Lie algebra
of the type A;” [14]. Its root subsystem Ac = {2n8,2né + ai }nez, is invariant under
the action of the translation group of Ls[(2,C). The corresponding Lie group is

L(SL(2,C),C) ={g € LSL(2,C) : Cg(—2) =g(A)C},
its elements being of the form
a(A?)  Ab(AY)
Ale(A?) d(Ah )

where ad — bc =1 [26].
Consider the following reduction of the vacuum wave function introduced in (4.1):

Y (£, 1) :=exp (VE(¢,2) H/2) - g(A),
with

V(even)(t’A) = ZAZntzn
n>0

and g € L(SL(2,C),C).

The left multiplication by the translation element 7 is not well defined for this
reduction. Nevertheless, observe that in the non-reduced case the transformation g —
gD =T-1.¢M . g with a € L*SL(2,C) gives the same results as those stated in the
previous section. This allows us to construct an action of the translation group over our
reduced vacuum wave function, i.e. preserving the reduction; one only needs to choose
a=ria where ry := exp(E) exp(—F) exp(E) and & € L(SL(2,C),C) N L*SL(2,C).

Proposition 18. The action of the translation group given by
g—T ' g-r, gelLSL(2,C)
reduces to an action over the principal subgroup L(SL(2,C),C)

So we define

Definition 19. The vacuum wave functions are defined by

w(even,n) =T, w(even) . r;l. 6.1)
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Note that g(even2n) = _T-2n . ylevem) in fact T=2 is the generator, in the principal
realization, of the translation group of Ail), see Section 4.

We now modify the induced Birkhoff factorization in L(SL(2,C),C) by considering
a classical r-matrix [25]. The resolution of the identity id = P, + Py + P_ associated
with the splitting

L(s1(2,C),C) =L{(s1(2,C),C)  CHd L[ (s1(2,C),C),

where L] stands for those loops with holomorphic extension to the interior of the circle
normalized by 0 at A =0, and L| for those with analytical extension to the exterior of
the circle and normalized by 0 at A = oo, gives a classical r-matrix R:= P, +cPy— P_
for any ¢ € C. The exponentiation, say Ry, of the endomorphisms Ry := (R+1)/2=
+P; + (¢ £1)/2 P, to the Lie group L(SL(2,C),C) gives a natural extension of the
Birkhoff factorization, see [10,25]. The factorization to consider is

‘//(even,n) = (lll(n))QI i l/l(+")

with ¢ (£) € RLL(SL(2,C),C) satisfying the Cayley condition &(¢, - K,) =
Y_ - K_, see [10,25]. The solution to this factorization can be expressed [10] in terms
of functions u(™,v("™, solutions of Eqs. (5.1). The procedure is analogous to the one
exposed in the previous section.

Instead of Eqs. (4.3) and (4.5) we have the formulae

-1
X =y (47) = RGPV 2, (6.2)
-1 -1
T = g (D) I (‘/fi")) I (w(_n)) ' (6.3)

The lattice-differential integrable hierarchy can be formulated as in Egs. (4.4) and
(4.6). The parametrization of ™ in terms of the functions u(™, (™ gives the following
expressions:

X(") = Z Lg:l)dhm ’

m>0
with
2m—1
L) =Y Ao + 4 e+ DYy
j=0
where
o =4PH, O, =uLE+ v F,
and

) A utm
Té") = exp (_%(c_ 1)4; l(u(n+1)U(n+l) _ u(n)U(n))) (U("+1) 0 ) .
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When ¢ = 1 the factorization is the one induced by the Birkhoff factorization in
LSL(2,C). The dNLS(1) system hierarchy can be obtained from the NLS system
hierarchy by reduction, just take the odd times equal to zero, t2,.; = 0, and the initial
condition g € L(SL(2,C), C), then identify u = p, v = q. The action of the translation
group when reduced is the one given in (6.1). In this case the moduli space will be the
following homogeneous space:

L(SL(2,C),C)/L*(SL(2,C),C).
Because of the principal isomorphism the following identifications hold [26]:
L(SL(2,C),C) ¥ LSL(2,C),
LT(SL(2,C),C) ¥ B*SL(2,0C),
where BTSL(2,C) is the set of maps in L*SL(2, C) such that its holomorphic extension
to the interior of S! when evaluated at A = 0 is an upper triangular matrix. Therefore,
the moduli space is isomorphic to the periodic flag manifold FI® [21].
The periodic flag manifold F1(? is the set of couples of subspaces, say ¥ W € Gr'?,

such that the periodicity condition AW C V C W holds and dim W/V =1 [21]. Given a
initial condition

A2 A1 (A
g(A) = (Af’]‘éz(jz) gail((ﬂ)) ) € L(SL(2,C),C)

and using the notation @ = (¢, ¢,) and & = (&, ;) the associated point in FI?) is
(VW) with

V=C{®,A"P, A"®}ps0, W = C{A"®, A"P},>0.

The initial conditions associated with the N-dimensional #;,4; = 0 reduction of HMM

are
_ _AZII —)tz"f()t)
8= O __A—ZII

for N =2n, and
A2"+1f(A) /\2Il+1
8= ( _/\—ZII—I 0 )

for N=2n+ 1. Here f(A) = AF (A?) is an odd function in A, a solution of (4.9) with
b=0 and (A) =3 62,A?" and having the asymptotic expansion (4.10).

Theorem 20. The solutions to the dNLS(1)-Volterra system hierarchy given by the
tanr1 = 0 reduction of the HMM corresponds to the following points in the Sato periodic
flag manifold F1?),

(i) In the 2m dimensional case
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1% =(C{(/\n+m,0)’ (/\IH-”H-IF(/\)’ /\"_”H-l)}nZO ,
w =(C{(/\n+m’0)’ (/\n+mF(/\),/\n—M)}n20.

(ii) For the 2m + 1 case

vV =C{(/\n+m+l’0)’ (/\'H_m-HF(/\), /\n_m)}nZO ,
W =C{(/\n+m’0), (/\n+m+lF(/\), /\n_m)}n20~

The reduced string equation is no longer connected with a symmetry of the integrable
hierarchy, as the translational and scaling symmetries preserve the dNLS(1)-reduction of
NLS and the Galilean one does not. We are looking for reduced solutions, i.e. solutions
of the dNLS(1) system hierarchy which remain fixed under the action of the vector
field X of the NLS system hierarchy, and only when a = 0 can be understood as a
self-similarity condition within the dNLS system hierarchy. Again, the departure point
is a solution of the heat hierarchy, v =0 and dz,u = dju.

Observe that if the condition » = 0 is removed then the above theorem gives the
points corresponding to general self-similar solutions obtained from the heat hierarchy
through a chain of consecutive Béacklund transformations. None of these points belong
to the Segal-Wilson periodic flag manifold.

When ¢ # 1 the moduli space is not FI? but a line bundle over it. This follows
from the factorization problem, _ takes its values in L~ (SL(2,C),C), so that the
moduli space is L(SL(2,C),C)/L{ (SL(2,C),C). Recalling that LT (SL(2,C),C) =
NtSL(2,C)—loops in LTSL(2,C) such that its holomorphic extension to the interior
of S when evaluated at A = 0 is strictly upper triangular—one easily concludes that this
moduli space is a line bundle over the periodic flag manifold.

7. Miura type map between the NLS and dNLS(c¢) hierarchies

Given a solution to the dNLS(c¢) system hierarchy one can obtain through a Miura
type transformation a solution to the NLS system hierarchy, see for example [10].

Proposition 21. The set of functions {p'™, ¢\ },cz defined by
p" =u exp (—(c - D3yt (wv™)) (7.1)

g™ = (—c?zu(") + cu'™ (U("))Z) exp ((c — Doy (u™o™)) (7.2)

are solutions of the NLS system hierarchy if u'™ v\ are solutions of the dNLS(c)
system hierarchy.

For the dNLS(c) we are dealing with the principal realization of an A%l) type affine
Lie algebra. We can construct the NLS system hierarchy within this principal realization
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(t, — t2n) by modifying the induced Birkhoff factorization. In this approach the NLS-
Toda system hierarchy appears associated with the generator 7-2. A moment of thought
is enough to realize that the geometrical construction of the dNLS(c) system hierarchy
can be done in the loop group LSL(2,C) and inducing the classical r-matrix introduced
previously. We choose the principal realization because of the absence of square roots
in the spectral parameter.

The periodic flag manifold FI‘® is a CP! bundle over the Grassmannian Gr(?),
with a projection map, say 7. The Miura type map between NLS and dNLS(1) can be
interpreted, in the spirit of [27], as this projection map. Moreover, one has the following
commutative diagram:

FI? NLS
‘”J» lMiura type map

Gr® dNLS(1).

For ¢ # 1, the periodic flag manifold is replaced by a line bundle over it, say £. The
projection map @ to F1(?) gives the Miura transformation defined by the equations (5.2)
and (5.3) between dNLS(c¢) and dNLS(1). Now, the commutative diagram is

L ——— dNLS(¢)

ml lMiura type map: Egs. (5.2), (5.3) c—1
FI®»® — dNLS(1)
wl lMiura type map: Egs. (7.1, (7.2), c=I
Gr'» —— NLS.
The lattice associated to the NLS system hierarchy and the generator T~'—in the
principal realization—can be shown to be as follows.
Proposition 22. Suppose a set {p\™, q'"™ }ncz satisfying
dpp™ = pnth) _ (p(n>)zq(n+l),
92D = —gm 4 p(m (q("+”)2 ,

q(n+2) — —l/p(").

Suppose also that for some n the functions p'™,q'"™ are solutions of the NLS system
hierarchy. Then, all of them are solutions.

Egs. (4.4) and (4.6) represent this lattice-differential system but now the 1-form y ("
is the one defined in (4.7) after the map A"E — AZ"HE, A"H +— A?"H, A"F — A»""'F
and instead of 'T+(") one uses

=1,(n) (nt+1) (n)
@g—”) = ( At /\—2p(n+?) p-] ) -
A" %q A
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The families {p'?”, g*M},cz and {p**1, g(2*+D}, 5 are solutions of the NLS-Toda
system hierarchy. The connection between both is

2 —
p(fl+|) - azp(fl) _ (p('l)) /p(n N (7.3)

Observe that 7"+ = @"*D . @™ so this lattice can be considered as a “square root”
of the NLS-Toda system hierarchy.

The mysterious square root of the Toda chain or of the Weyl action can be easily
understood once the loop group LSL(2,C) is embedded as a subgroup in a larger
one, for example LSL(3,C). For this case, Aél), the translational subgroup of the affine
Weyl group is a 2-dimensional Abelian group with generators 71,7, [14]. The integrable
system associated with the Birkhoff factorization in this loop group will be a generalized
NLS system hierarchy [8].

If we consider the reduction to the subgroup LS(GL(2,C) x C) we have that the ac-
tion of the translational group by right multiplication of Tl_l =diag(A, A", 1) and Tz“ =
diag(1, A, A~") preserves the reduction. To each g = (h,1/deth) € LS(GL(2,C) xC),
h € LGL(2,C), we associate g := (1/v/deth) - h € LSL(2,C). Moreover, with this
map the reduction gives the NLS system hierarchy and the action of T; = T is the one
giving the Toda chain. For 7, we have

Lg=T"""-%

This implies that the square root is a consequence of the reduction A;l) — A{”, and
models the reduced action of the 7.
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